



c .  1 
Technical  Paper 1784 NA-SA 
- 
LOAN COW: RET 
ARYL TECHNICA'r, 




Numerical  Solutio,ns .. . , of the 
Navier-Stokes Equations for 
1 
, 
. c  
.- 
Transonic Afterbody Flows 
- 
j 
R. Charles. Swanson, Jr. , .  ' 
' ,  
\ 
DECEMBER 1980 




I. TECH LIBRARY KAFB, NY 
ODb773L 
NASA Technical Paper 1784 
Numerical Solutions of the 
Navier-Stokes Equations for 
Transonic Afterbody Flows 
R. Charles Swanson, Jr. 
Lalrgley Research Ceuter 
H a m p t o ~ ~ ,  Virgiuiu 
National Aeronautics 
and Space Administration 





The  time-dependent  Navier-Stokes  equations  in  mass-averaged  variables  are 
solved  for  transonic  flow  over  axisymmetric  boattail-plume  simulator  configura- 
tions.  Numerical  solution of these  equations  is  accomplished  with  the  unsplit 
explicit  finite-difference  algorithm of MacCormack. A grid  subcycling  procedure 
and  computer  code  vectorization  are  used  to  improve  computational  efficiency. 
The  two-layer  algebraic  turbulence  models of Cebeci-Smith  and  Baldwin-Lomax  are 
employed  for  investigating  turbulence  closure.  Two  relaxation  models  based on
these  baseline  models  are  also  considered.  Results  in  the  form f surface- 
pressure  distributions  for  three  different  circular-arc  boattails at two  free- 
stream  Mach  numbers (Ma = 0.8 and  1.3) are  compared  with  experimental  data. 
The  pressures  in  the  recirculating  flow  region  for  all  separated  cases  are 
poorly  predicted  with  the  baseline  turbulence  models.  Significant  improvements 
in  the  predictions  are  usually  obtained  by  using  the  relaxation  models. 
INTRODUCTION 
The  drag of the  afterbody  of  a  fighter  aircraft  represents  a  significant 
part  (approximately 30 to 40 percent) of the  total  configuration  drag at tran- 
sonic  speeds.  The  external  geometry  of  the  jet-exhaust  nozzle  has  a  strong 
impact on the  drag of the  afterbody.  Consequently,  considerable  emphasis  is 
placed  upon  optimizing  the  design  of  this  component of he  aircraft  afterbody. 
Because  of  the  complex  nature  of  the nozzle-boattail/jet-exhaust flow,  which  can 
include  strong  viscous-inviscid  and  shock-boundary-layer  interactions,  para- 
metric  wind-tunnel  testing  is  employed  to  provide  data  bases  for  the  design 
process.  Wind-tunnel  models,  especially  those  which  have  exhaust  jets,  are 
complicated  and  expensive. In order to minimize  the  number of required  experi- 
ments  to  determine  aft-end  aerodynamic  characteristics,  reliable  theoretical 
techniques  are  needed. 
One  approach  to  the  solution f the  axisymmetric  nozzle-afterbody/jet- 
exhaust  problem  involves  a  decomposition  of  the  flow  field  and  a  subsequent 
patching  together of the  individual  components. This dissection of the  flow 
field  generally  includes  the  boattail  boundary  layer,  inviscid  jet,  exhaust 
shear  layer,  and  inviscid  external  flow.  The  basic  mechanism  for  coupling  these 
flow-field  elements  is  the  interaction,  which is assumed  to be  weak,  between 
inviscid  and  viscous  flow  regions  (i.e.,  displacement  thickness  concept). 
Interactive  effects  are  taken  into  account  with  an  iterative  procedure.  Several 
investigators  (refs. 1 to 4 )  have  obtained  good  comparisons  between  predictions 
and  experimental  data  for  the  nozzle-boattail  pressure  distribution  when  the 
free-stream  flow is subsonicl the  boundary  layer  is  turbulent  and  attached,  and 
the  exhaust  flow is simulated (i.e.?  solid-plume  simulator  to  represent  ideally 
or  nearly  ideally  expanded  jets) or high-pressure  air.  Some  computations 
(refs. 5 and 6) have  also  been  made  for  separated  flow on boattail  configura- 
tions. In reference 5 the  separation  location  is  obtained  from  experimental 
data,  and  the  shape of the  outer  boundary  of  the  recirculating  flow  region 
(discriminating  streamline)  is  assumed  and  held  constant  throughout  the  viscous- 
inviscid  interaction  calculation. In reference 6, the  separation  location  is 
computed  through  the  application of  an inverse  boundary-layer  technique.  The 
discriminating  streamline  is  assumed  to  be  conical  in  shape,  and  its  slope  is 
determined  in  the  interaction  procedure.  The  weak-interaction  assumption s 
made  with  both  of  these  solution  methods.  Using  these  approaches  the  predicted 
pressure  variations  generally  agree  fairly well with laboratory  data  for  sub- 
critical  flows;  the  largest  differences  are  usually  either  in  the  separated-flow 
region or in  the  vicinity of reattachment. For supercritical  flows the  agree- 
ment  between  theory  and  experiment  is not  as good  and  deteriorates  with 
increases  in  Mach  number.  This  is  to  be  expected  because  of  the  strong  inter- 
action  due to  the presence  of  a shock. These  results  for  separated  flows  sug- 
gest  that  difficulties  would  exist n extending  the  weak-interaction  theory  to 
general  three-dimensional  afterbody  flows. 
Another  approach  that is currently  being  applied  to  the  afterbody  problem 
is the  solution of the  time-dependent  Navier-Stokes  equations.  There  are  no 
assumptions  made  about  the  type  of  interactions  present  in  the  flow  field,  and 
the  viscous  and  inviscid  flow  regions  are  computed  simultaneously.  The  steady- 
state  solution  for  the  flow  is  obtained  as  the  time  asymptotic  limit.  Holst 
(ref. 7) has  calculated  surface  pressure-coefficient  distributions  for  axisym- 
metric  boattail-plume  simulator  geometries when the free  stream  is  supersonic 
and  the  boundary  layer  is  turbulent.  These  results  generally  agree  well  with 
experiment. The  pressures  in  the  separation  region  are  consistently  overpre- 
dicted.  This  is  attributed  to  turbulence  modeling.  Subsequently,  Mikhail, 
Hankey,  and  Shang  (ref. 8) computed  supersonic  flow  over  nozzle  afterbodies 
with  hot or cold  supersonic  jets.  Since  these  results  were  obtained  primarily 
to  demonstrate  computational  capability,  the  accuracy  is  not  sufficient  for 
good predictions.  However,  the  trends of the  experimental  data  are  captured. 
More  recently,  Jacocks  (ref. 9) and  Deiwert  (ref. 10) obtained  solutions  for 
subsonic  flow  past  some  boattail-plume  simulator  configurations.  Surface- 
pressure  results  compare  favorably  with  experimental  data.  Once  again,  in  the 
case  of  separated  flaws,  the  largest  differences  appear  in  the  reverse-flow 
region. 
In the present  application  the  time-dependent,  axisymmetric,  compressible, 
mass-averaged  Navier-Stokes  equations  are  solved  for  transonic  flow  (both  sub- 
sonic  and  supersonic)  over  nozzle  afterbodies. In order to  isolate  the  separa- 
tion  problem  from  jet-mixing  effects,  a solid-pl*me simulator  is used  to  model 
the  jet  exhaust.  Reubush  (ref. 11) demonstrated the  validity of using  solid 
cylinders  to  simulate  perfectly or nearly  perfectly  expanded  jets  when  entrain- 
ment  effects  are  not  important.  Because  upstream  feeding is present  in  subsonic 
flows,  special  attention  is  directed  towards  establishing  an  appropriate set of 
boundary  conditions  for  the  mathematical  problem.  At  the  time  this  work  was 
undertaken,  no  subsonic  calculations  for  afterbody  flows  using  the  Navier-Stokes 
equations  had  been  reported.  The  equations  are  solved  with  the  unsplit  explicit 
numerical  algorithm  of  MacCormack  (ref. 12). In order to  enhance  computational 
efficiency,  especially for subsonic  flows,  the  finite-difference  scheme  is 
coded  for  the  Control  Data  CYBER 203 computer  system.  A  grid  subcycling  pro- 
cedure  is  employed also to improve  computing  time. To close the set of 
governing  equations,  turbulence  modeling  is  implemented. 
From  previous  Navier-Stokes work? turbulence  modeling  generally  seems  to 
be  the  culprit  for  poor  turbulent-flow  predictions.  Therefore,  some  special 
attention  is  dedicated  to  this  aspect of the  problem. At this  time,  one- 
equation  and  two-equation  models  for  the  turbulence  transport  processes  have 
not been  adequately  shown  to  provide  the  best  turbulence  closure.  Since  a sub- 
stantial  increase  in  computational  time  results  when  these  models  are  applied, 
only  algebraic  turbulence  models  are  considered in this  investigation.  The  two- 
layer  model  of  Cebeci  and  Smith  (ref.  13)  and  the  two-layer  model of Baldwin  and 
Lomax  (ref. 14) are  considered.  Both of these  models  are  applied  with  and  with- 
out the  addition of a  turbulence  lag  model  (ref. 15), which is used  to  account 
for  upstream  history  effects on the  turbulence.  The  afterbody  surface-pressure 
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speed of sound, gph 
pressure  coefficient 
specific-heat  coefficients 
boattail-exit  diameter,  0.0762  meter 
maximum  diameter of boattail, 2m/ze = 2 .O 
total  internal  energy  per  unit  volume, E /(pmum2) 
Von  Karman  constant 
A A A  
coefficient of thermal  conductivity 
eddy  thermal  conductivity 
ratio of boattail 
Mach  number 
molecular  Prandtl 
turbulent  Prandtl 
Reynolds  number, 
A / [ A  A 
length  to  boattail-exit  diameter, $/;e 
pressure, P/\P,%~) 
heat-flux  vector 
reattachment  location 
radius  of  curvature of boattail, ;c/2e 
3 
body radius , cB/ie 
S separation  location 
T 
U I V  axial and radial velocity components, C / k ,  GIm 
XlYlt  independent  variables  (computational  domain) , CGm/Se 
Y normal  distance  from  wall, $Ise - 
Y' dimensionless distance from the wall (7" = / m ( T / p w ) N R e  
z I  r, t  independent  variables  (physical  domain) I ;lief ;Ise I ~ ~ m / ~ e  
z at initiation of relaxation 
PC chord  boattail  angle 
Y ratio of specific  heats , cppv 
Ax,Ay,At finite-difference increments (computational domain) 
Az,Ar,At finite-difference increments (physical domain) 
6 local  boundary-layer  thickness , 
61 local  boundary-layer  thickness at initiation of relaxation 
A A  
E eddy  viscosity, E/pref 
- 
0 flow  inclination  angle 
x relaxation-length  parameter, i/ie 
U coefficient of molecular  viscosity , p/Uref 
A I \  
P density , 
T shear  stress , u^ ') c o w  
Ti j shear  tensor 
Subscripts : 
e edge conditions 
exP  experimental  conditions 







X l Y l Z l r  
00 
maximum c o n d i t i o n s  
minimum c o n d i t i o n s  
r e f e r e n c e  c o n d i t i o n s  
t o t a l  c o n d i t i o n s  
w a l l  c o n d i t i o n s  
d i f f e r e n t i a t i o n   w i t h   r e s p e c t  to  x ,   y ,  z ,  and r 
free-stream c o n d i t i o n s  
S u p e r s c r i p t :  
n t i m e -  s t e p   i n d e x  
Turbulence model  designat ions:  
B- L Baldwin-Lomax  odel 
c- s Cebeci-Smith  odel 
R (B-L) Baldwin-Lomax  model w i t h   r e l a x a t i o n  
R (C-S) Cebeci-Smith  model  with  relaxation 
Othe r  no ta t ion :  
Ci rcumflex   over  symbol ( i . e . ,  6) deno tes   d imens iona l   va r i ab le  
ANALYSIS  
Governing Flow Equations 
S o l u t i o n s  f o r  t u r b u l e n t ,  v i s c o u s ,  t r a n s o n i c  f l o w  o v e r  a x i s y m m e t r i c  a f t e r -  
body c o n f i g u r a t i o n s  are o b t a i n e d  b y  s o l v i n g  t h e  e q u a t i o n s  €or c o n s e r v a t i o n  of 
mass, momentum, and  energy.  The gove rn ing   equa t ions  are  f irst  w r i t t e n  i n  terms 
o f  t h e  i n s t a n t a n e o u s  f l o w  q u a n t i t i e s  of p r e s s u r e ,  d e n s i t y ,  v e l o c i t y ,  a n d  t o t a l  
i n t e r n a l   e n e r g y .  The   dependent   var iab les  p , p  are  replaced  by  Reynolds 
expansions (sum o f  mean-flow  component  and f l u c t u a t i n g   c o m p o n e n t ) .  The remain- 
i n g  f l o w  q u a n t i t i e s  are  expanded i n  terms of  mass-averaged variables.  Refer- 
ence   16   conta ins  addi t ional  de t a i l s  concern ing   mass-averaged   var iab les .  The 
equa t ions  are time-averaged i n  t h e  u s u a l  s e n s e .  The r e s u l t i n g   t u r b u l e n t - f l o w  
equa t ions  have  the  same form as t h e i r  l a m i n a r - f l o w  c o u n t e r p a r t s ,  e x c e p t  t h e  
stress t e n s o r  is augmented  by the Reynolds  stress t e n s o r ,  a n d  t h e  h e a t - f l u x  
Vector is augmented  by  the  addi t iona l  hea t -€ lux  terms a s s o c i a t e d  w i t h  t h e  
t u r b u l e n c e .   U s i n g   t h e   e d d y - v i s c o s i t y   h y p o t h e s i s ,   t h i s   e f f e c t i v e l y  means t h e  
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eddy  viscosity  is  added  to  the  molecular  viscosity,  and  the  eddy  thermal  con- 
ductivity  is  added  to  the  molecular'  thermal  conductivity.  Thus,  the  time- 
dependent  Navier-Stokes  equations  (written  in  axisymmetric  coordinates  and in 
nondimensional  form)  for  a  turbulent,  compressible  flow  in  which  body  forces 




The e l emen t s  o f  t he  stress t enso r  and  hea t - f lux  vec to r  are given by 
\ 
J 
qr = - -___ 
NRe (NPr ,m Npr ,  t 1 
The f l o w  q u a n t i t i e s ‘ a n d  i n d e p e n d e n t  v a r i a b l e s  are  n o n d i m e n s i o n a l i z e d  i n  t h e  
fo l lowing  way: 
P = ;/;- T = !?/!?ref 1 
1-I = GIGref A A  u = u/uw 
v = v/u, 
A h  
r = t = tuw/de 
A A  A 
z = $ie 
J 
The r e f e r e n c e  q u a n t i t i e s  are given by - 
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where C 1  and C2 are cons tan ts .   The  gas is  assumed to  be thermal ly   and  
c a l o r i c a l l y  perfect .  Thus, 
and   t he  specific h e a t s  Zp and Cv are c o n s t a n t s .   T h e   m o l e c u l a r   v i s c o s i t y  is  
e v a l u a t e d  w i t h  S u t h e r l a n d ' s  l a w  as fo l lows :  
A 
1-1 = C1T (T + C 2 )  
3'2/ 
The molecu la r  P rand t l  number a n d  t u r b u l e n t  P r a n d t l  number are  assumed t o  be 
c o n s t a n t  a t  0 .72  and 0.9,  r e s p e c t i v e l y .  
Coordina te  Transformat ion  
I n  o r d e r  t o  f a c i l i t a t e  the  imp lemen ta t ion  o f  t he  g in i t e -d i f f e rence  fo rmula -  
t i o n  €or s o l v i n g  e q u a t i o n  ( l a )  and  the  t r ea tmen t  o f  t he  boundary  cond i t ions ,  a 
b o d y - f i t t e d   c u r v i l i n e a r   c o o r d i n a t e   t r a n s f o r m a t i o n  i s  employed.  This  transforma- 
t i o n  maps t h e   p h y s i c a l   f l o w   r e g i o n   ( f i g .  1) i n   t h e   z , r   p l a n e   o n t o  a r e c t a n g u l a r  
computa t iona l   r eg ion ,   wh ich   has   un i fo rmly   spaced   g r id   l i nes ,   i n   an   x ,y   p l ane .  
U s i n g  t h e  c h a i n  r u l e  f o r  p a r t i a l  d i f f e r e n t i a t i o n ,  t h e  g o v e r n i n g  vector equa t ion  
t akes  the  fo l lowing  quas i - conse rva t ive  fo rm:  
The d e r i v a t i v e s  i n  t h e  d e f i n i t i o n s  o f  t h e  c o m p o n e n t s  of t h e  stress tensor  and  
hea t - f lux  vector are expanded i n  t h e  same manner .   The  t ransformation  der iva-  
t i v e s  x,, xr ,  y,, and  yr are  d e t e r m i n e d   f r o m   t h e   r e l a t i o n s  
xz = Jr Y yz = -Jrx 1 
X = -Jz r Y Yr = Jzx 
J = xzyr - xry, = 1 ( z  r - z r ) 1 X Y  y x  J 
where t h e   s u b s c r i p t s   i n d i c a t e   p a r t i a l   d i f f e r e n t i a t i o n ,   a n d   w h e r e  J i s  t h e  
t r ans fo rma t ion   J acob ian .  The d e r i v a t i v e s  are computed  numerically.  
Gr id  Genera t ion  
The  Thompson,  Thames, and  Mas t in  ( r e f .  1 7 )  method i s  c u r r e n t l y  b e i n g  u s e d  
to  p r o d u c e  g r i d s  f o r  f i n i t e - d i f f e r e n c e  c a l c u l a t i o n s  f o r  a w i d e  v a r i e t y  o f  f l u i d  
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dynamics  problems.  With t h i s  t e c h n i q u e ,  t h e  r e l a t i o n s h i p  b e t w e e n  g r i d  p o i n t s  i n  
an  a rb i t r a ry  phys ica l  f l ow reg ion  and  the  co r re spond ing  known g r i d  p o i n t s  i n  a 
rec tangular  computa t iona l  domain  is obta ined  by  so lv ing  an  e l l i p t i c  sys tem of  
par t ia l  d i f f e r e n t i a 1 . e q u a t i o n s .  I n  terms o f  t h e  i n d e p e n d e n t  v a r i a b l e s  o f  t h e  
t r a n s f o r m a t i o n  a p p l i e d  h e r e i n  ( z , r ) - + ( x , y ) l  t h e  m e s h - g e n e r a t i n g  e q u a t i o n s  are 
where P (x ,   y)   and Q ( x , y )  are source  terms u s e d  t o  c o n t r o l  i n t e r i o r  g r i d - l i n e  
spac ing .  The f i n i t e - d i f f e r e n c e   s o l u t i o n   o f   e q u a t i o n s   ( 9 a )   a n d   ( 9 b )  is s impl i -  
f i ed  by  r eve r s ing  the  ro l e s  o f  t he  independen t  and  dependen t  va r i ab le s  and  
s o l v i n g  t h e  r e s u l t i n g  q u a s i - l i n e a r  e l l i p t i c  s y s t e m .  The q u a s i - l i n e a r   e q u a t i o n s  
arxx - 2Brxy + Sryy  = -J ( P r x  + Qr,) 2 
where 
5 = zx + rx 2 2 J  
are so lved  on  the  same r e c t a n g u l a r  g r i d  w i t h  a squa re  mesh (Ax = Ay = 1) as t h e  
f low equa t ions .  The c o o r d i n a t e s  o f  t h e  g r i d  p o i n t s  o n  t h e  b o u n d a r i e s  o f  t h e  
phys ica l  f l ow reg ion  p rov ide  the  boundary  cond i t ions  fo r  t he  e l l i p t i c  p rob lem 
i n  t h e  c o m p u t a t i o n a l  p l a n e .  
I n  t h e  Thompson,  Thames, and  Mastin (TTM) p rocedure  the  sou rce  terms are 
combina t ions  of  exponent ia l  func t ions ,  and  they  inc lude  parameters  to  cont ro l  
t h e i r   e f f e c t .   T h e s e  parameters are p r o b l e m   s e n s i t i v e .  To c i r c u m v e n t   t h i s  
d e f i c i e n c y ,  Thomas ( r e f .  18) u s e s  s o u r c e  q u a n t i t i e s  w i t h  special p r o p e r t i e s .  
T h e  f u n c t i o n s  are 
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When P and Q are s u b s t i t u t e d   i n t o   e q u a t i o n s   ( 9 a )   a n d  (9b), t h e  e l l i p t i c  
s y s t e m  i n  t h e  t r a n s f o r m e d  p l a n e  i s  
and  $(x,y)   and  $(x,y)  are parameters .   These   equat ions   possess   exponent ia l  
s o l u t i o n s   f o r   l o c a l l y   c o n s t a n t  $ and $. The  parameters $ and $ are 
determined a t  the  boundar i e s  o f  t he  computa t iona l  r eg ion  by  so lv ing  the  l imi t ing  
forms of   equa t ions   (12a)   and   (12b)  a t  t h e   b o u n d a r i e s .  The i n t e r i o r   v a l u e s  are 
o b t a i n e d  b y  l i n e a r  i n t e r p o l a t i o n  a l o n g  c o n s t a n t  c o o r d i n a t e  l i n e s  ( i - e . ,  
x = Constan t   and  y = Constan t )   be tween  boundar ies .   Wi th   th i s   approach ,   the  
i n t e r i o r  g r i d - p o i n t  s p a c i n g  ref lects  t h e  d i s t r i b u t i o n s  o f  t h e  b o u n d a r y  p o i n t s .  
F o r  t h e  a f t e r b o d y  f l o w s  b e i n g  c o n s i d e r e d ,  t h e  TTM method is a p p l i e d  w i t h  
t h e  s o u r c e  f u n c t i o n s  o f  r e f e r e n c e  18. The g r i d  p o i n t s  a t  the  in f low and  ou t f low 
boundar ies  of t h e  p h y s i c a l  domain are d i s t r i b u t e d  e x p o n e n t i a l l y  i n  t h e  rad ia l  
d i r e c t i o n .   C o n s e q u e n t l y ,   t h e   s u r f a c e   v i s c o u s   l a y e r   c a n   b e   a d e q u a t e l y   r e s o l v e d ,  
and  f ine -g r id  spac ing  i s  not  present  where  it is not  needed  ( i . e . ,  i n v i s c i d  
f l o w ) .  S i n c e  t h e  p r e s s u r e  g r a d i e n t s  f o r  t h e  boa t t a i l  p o r t i o n  o f  t h e  a f t e r b o d y  
f l o w  can be s u b s t a n t i a l ,  t h e  g r i d  p o i n t s  i n  t h e  a x i a l  d i r e c t i o n  are c l u s t e r e d  
about  a p o i n t  o n  t h e  boa t ta i l  u s ing  a s t r e t c h i n g  f u n c t i o n  c o n s t r u c t e d  w i t h  
polynomials .  The c l u s t e r   p o i n t  is l o c a t e d   i n   t h e   i n t e r v a l  0.62 t o  2 .  The 
l o c a t i o n  is a f u n c t i o n  o f  t h e  free-stream Mach number. I n  t h i s  manner  good 
r e s o l u t i o n  c a n  be o b t a i n e d  n o t  o n l y  i n  t h e  b o a t t a i l  r e g i o n  b u t  a l s o  i n  t h e  
j u n c t u r e   r e g i o n   o f   t h e  boa t ta i l  and  plume  simulator.   The r a t io  Azmax/Azmin 
var ies   f rom  about  3 t o  6 ,  depending upon 2 ,  Azmax ( 0 . 3  $ Azmax 5 0 . 4 5 ) ,  and 
t h e  l e n g t h  of t h e  a f t e r b o d y .  A t y p i c a l  g r i d  i n  t h e  p h y s i c a l  domain i s  shown 
i n  f i g u r e  2.  
Boundary Conditions 
I n  order t o  comple t e  the  ma themat i ca l  fo rmula t ion  fo r  t he  phys ica l  p rob lem 
- u n d e r  c o n s i d e r a t i o n ,  a n  a p p r o p r i a t e  se t  of  boundary condi t ions must  be spec i -  
f i e d .  T h e r e  a r e  f o u r  b o u n d a r i e s  f o r  t h e  f l o w  r e g i o n  a s s o c i a t e d  w i t h  t h e  a f t e r -  
body (see f i g .  1). A t  t h e   a f t e r b o d y   s u r f a c e   ( c y l i n d e r - b o a t t a i l - c y l i n d e r  con- 
f i g u r a t i o n ) ,  t h e  n o - s l i p  c o n d i t i o n  a n d  a wall  t empera tu re  are imposed.  That i s ,  
u = v = o  (13a) 
Tw = Constant   (13b)  
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The remaining  boundaries  are permeable .   Since these boundar ies  are a r t i f i c i a l  
( c o n s t r u c t e d  f o r  c o n v e n i e n c e  o f  s o l u t i o n  o f  p h y s i c a l  p r o b l e m ) ,  some special 
a t t e n t i o n  is warran ted .  
To p r o v i d e  g u i d e l i n e s  f o r  s u i t a b l e  b o u n d a r y  c o n d i t i o n s  f o r  the permeable 
boundar ies ,  a me thod  based  upon  r e fe rence -p lane  cha rac t e r i s t i c  t heo ry  ( r e f .  19 )  
is a p p l i e d  to  the  t r ans fo rmed  gove rn ing  f low equa t ions .  In  th i s  approach ,  
which i s  used  by  Cl ine  ( ref .   20)   and Thomas ( r e f .  18) ,  t h e  c o n v e c t i o n  terms 
w i t h  c r o s s  d e r i v a t i v e s  ( i .e. ,  f o r  t h e  i n f l o w  b o u n d a r y  i n  t h e  p r e s e n t  case, 
a/ay is a c ross -de r iva t ive  ope ra to r )  and  the  v i scous  and  hea t - conduc t ion  terms 
are t r e a t e d  a s  f o r c i n g  f u n c t i o n s .  T h u s ,  t h e  h y p e r b o l i c - p a r a b o l i c  s y s t e m  o f  
governing par t ia l  d i f f e r e n t i a l  e q u a t i o n s  is  e f f e c t i v e l y  r e d u c e d  to  a hype rbo l i c  
quasi-one-dimensional  system. The  method o f  c h a r a c t e r i s t i c s  is a p p l i e d  t o  t h i s  
new system of e q u a t i o n s  w i t h  two independent  var iables ,  namely,  one spa t ia l  
v a r i a b l e   ( e i t h e r  x o r   y )   a n d  t i m e  t. Moreove r ,   t he   cha rac t e r i s t i c s   and  
co r re spond ing  compa t ib i l i t y  equa t ions  a s soc ia t ed  wi th  the  hype rbo l i c  sys t em are 
read i ly   ob ta ined .   (See   r e f .   20 . )  The  number of   boundary  condi t ions  necessary 
f o r  a given boundary, which depends on the number o f  c o m p a t i b i l i t y  r e l a t i o n s  
v a l i d  on t h e  c h a r a c t e r i s t i c  c u r v e s  t h a t  c r o s s  t h e  b o u n d a r y  a n d  e n t e r  t h e  p h y s i -  
c a l   f l o w   r e g i o n   o f   i n t e r e s t ,  is de te rmined   ( r e f .  2 1 ) .  The f l o w   q u a n t i t i e s   t h a t  
may be s e t   a t  a boundary can be deduced from examining the compatibi l i ty  
equat ions .  
The q u a n t i t i e s  s p e c i f i e d  a t  the inf low,  outf low,  and upper  boundaries  are 
d i s c u s s e d   i n   t h e   n e x t   t h r e e   s u b s e c t i o n s .  (See f i g .  3 . )  
Inf low boundary . -  I f  the  f low i s  supersonic  (u  > a ) ,  t h e r e  a r e  f o u r  com- 
p a t i b i l i t y  e q u a t i o n s  f o r  t h e  t h r e e  i n g o i n g  c h a r a c t e r i s t i c s  ( t w o  Mach l i n e s  a n d  
a p a t h   l i n e ) .   T h e r e f o r e ,  a l l  dependen t   f l ow  va r i ab le s  may be   spec i f i ed .   Fo r  
subsonic   f low  (u  < a ) ,  t h e r e  are t h r e e  c o m p a t i b i l i t y  r e l a t i o n s  a s s o c i a t e d  w i t h  
two i n g o i n g   c h a r a c t e r i s t i c   c u r v e s   ( o n e  Mach l i n e   a n d  a p a t h   l i n e ) .   A l t h o u g h ,  
i n   g e n e r a l ,  p, u,   and v may b e   s e t ,   t h e   t o t a l   p r e s s u r e   p t ,   t o t a l   t e m p e r a -  
t u r e  T t r  and   f l ow  inc l ina t ion   ang le  8 a r e   s p e c i f i e d   h e r e .   T h u s ,   t h e   i n f l o w  
boundary emulates a boundary a t  w h i c h  d i s t u r b a n c e s  o r i g i n a t i n g  f r o m  t h e  i n t e r i o r  
of  the computat ional  domain are a b s o r b e d  r a t h e r  t h a n  r e f l e c t e d .  
- 
Outflow  boundary.-   I f  u > a ,  t h e r e  a r e  no i n g o i n g  c h a r a c t e r i s t i c s  i n t o  t h e  
reg ion  of  eoncern .  A l l  f l o w  q u a n t i t i e s  a t  this  boundary can be determined from 
upstream  information.   For  u < a ,  t h e r e  is o n e   i n w a r d   c h a r a c t e r i s t i c  (Mach 
l ine)   and   one   compat ib i l i ty   equa t ion .   Because   o f   phys ica l   cons idera t ions ,   the  
s t a t i c  p r e s s u r e  is s p e c i f i e d .  
Upper boundary.- This boundary is  l o c a t e d  s u f f i c i e n t l y  f a r  away from the 
s u r f a c e  o f  a n  a f t e r b o d y  c o n f i g u r a t i o n  t o  be c o n s i d e r e d  i n  t h e  f r e e  stream. 
However, it is  a f i n i t e  d i s t a n c e  from  the w a l l  boundary .   The re fo re ,   i n   gene ra l ,  
it c a n  b e  o f  t h e  i n f l o w  t y p e ,  o u t f l o w  t y p e ,  o r  a combinat ion of  both.  The s i g n  
o f  t h e  r - d i r e c t i o n  v e l o c i t y  c o m p o n e n t  v a t  any  boundary  point   determines 
whether the boundary is t r e a t e d  l o c a l l y  as an  in f low type  or  an  out f low type .  
I f  v is  nega t ive   ( i n f low)  o r  z e r o ,   t h e   v e l o c i t y   c o m p o n e n t   i n   t h e   z - d i r e c t i o n  
u ;   p re s su re  p I  and   dens i ty  p are set  t o   t h e i r   f r e e - s t r e a m   v a l u e s .   T h a t  is, 
u = l ,  p = 1 ,  p = p m  (14) 
11 
If v > 0,  o n l y  t h e  p r e s s u r e  i s  specified. This   scheme  for   spec i fy ing   boundary  
c o n d i t i o n s  is used  for bo th  subson ic  and  supe r son ic  f r ee - s t r eam flows. 
Numerical Treatment  of Boundary Points 
A t  t h e  w a l l  b o u n d a r y ,  t h e  d e n s i t y  is computed f r o m  t h e  c o n t i n u i t y  e q u a t i o n .  
The derivatives i n  t h e  x - d i r e c t i o n  v a n i s h  b e c a u s e  o f  t h e  n o - s l i p  c o n d i t i o n .  The 
d e r i v a t i v e s  i n  t h e  y - d i r e c t i o n  are replaced wi th  second-order -accura te  one-s ided  
d i f f e r e n c e s .  U s i n g  t h e  d e n s i t y  a n d  t h e  s p e c i f i e d  w a l l  t e m p e r a t u r e ,  t h e  p r e s s u r e  
is c a l c u l a t e d  from t h e  i d e a l  g a s  e q u a t i o n  o f  s ta te .  
I n  t h e  case o f  a subsonic  inf low boundary,  a second-order-accurate  
r e f e r e n c e - p l a n e  c h a r a c t e r i s t i c  scheme i n  c o n j u n c t i o n  w i t h  t h e  a p p r o p r i a t e  
boundary  condi t ions is  used to o b t a i n  t h e  unknown f l o w  v a r i a b l e s .  The charac-  
t e r i s t ic  c o m p a t i b i l i t y  e q u a t i o n s ,  w h i c h  are  der ived  f rom the  t ransformed govern-  
i ng   equa t ions  ( for  d e r i v a t i o n  p r o c e d u r e  see r e f .  19), are as fo l lows :  
dp - a2 dp = d t  (15a)  
dv = $3 d t  (1%) 
and 
$l = -PYzUy - UYZPY - PYrVy - T r P y  - P r 




+ s  
Z Y  P z y  2 
1 $ = -  - 3 UYZVY - V r V y  - - P YrPy + ' 3  
where t h e   i n d e p e n d e n t   v a r i a b l e   s u b s c r i p t s   d e n o t e  pa r t i a l  d i f f e r e n t i a t i o n .  The 
q u a n t i t i e s  si (i = 2,3,4) are  v i scous   ou rce  terms. By a s suming   t ha t   he  
v iscous  terms a s s o c i a t e d  w i t h  t r a n s p o r t  p r o c e s s e s  i n  t h e  x - d i r e c t i o n  are n e g l i -  
g i b l e  (a reasonable  assumpt ion  for  h igh  Reynolds  number f lows)  and by not ing 
t h a t   h e   t r a n s f o r m a t i o n   d e r i v a t i v e s   x r   a n d   y z  are  e s s e n t i a l l y   z e r o ,   t h e s e  
source  terms t a k e  t h e  f o r m  
- 
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where 1-1 = 1-1 + E. Equations  (15a)  and  (15b)  are  valid  along  the  character- 
istic  curve 
- 
" = dx 
dt x u  2 
Compatibility  relations  (15c)  and  (15d)  are  valid  along  the  following  charac- 




- X,(U + a) 
Since pt, Tt, and e are  specified at the  inflow  boundary  points , the 
isentropic  relations 
Tt 
" - 1 + -  Y - I M 2  T 2 
- =  Pt (1+" y - 1 Y - 1  
P 2 >- (20b) 
and  equation  (15c)  can  be  used  to set  up  an iterative  scheme  to  determine  the 
inflow  Mach  number  distribution  and,  therefore, the dependent  flow  quantities. 
The  procedures  required  to  numerically  solve  the  compatibility  equation  are 
discussed  by  Cline  (ref.  20). 
The characteristic  formulation  used  €or  the  inflow  boundary is also 
employed  in  the  computation of unspecified  flow  properties at the  outflow 
boundary  when  the  flow  is  subsonic.  Since  only  the  static  pressure  is  given 
at  Outflow  points,  the  density p, r-component of velocity v, and  z-component 
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of v e l o c i t y  u are c a l c u l a t e d  a l o n g  t h e  t w o  o u t g o i n g  c h a r a c t e r i s t i c s  w i t h  
compa t ib i l i t y   equa t ions   (15a ) ,   (15b) ,   and   (15d1 ,   r e spec t ive ly .  When t h e   o u t f l o w  
is supe r son ic ,  a l l  f l o w  q u a n t i t i e s  are d e t e r m i n e d  w i t h  z e r o - o r d e r  e x t r a p o l a t i o n .  
That  is, 
au* 
a x  - =  
where 
For subsonic  and  supersonic  f ree-s t ream f lows ,  the  boundary  condi t ions  a t  
the  upper  boundary  a re  supplemented  wi th  appropriate c h a r a c t e r i s t i c  e q u a t i o n s  
i n  o r d e r  t o  de termine  a l l  f l o w  p r o p e r t i e s .  The c o m p a t i b i l i t y   r e l a t i o n s ,   w h i c h  
are d e r i v e d  i n  t h e  same manner as t h o s e  f o r  t h e  i n f l o w  a n d  o u t f l o w  b o u n d a r i e s ,  
a r e  as fo l lows :  
dp - a2 dp = vJ4 d t  (22a)  
and 
a = (Y, 2 + Yr 2 y  
qJ = -px u 1 z x - uxzpx - 
1 
$2 = - uxzux - p XZP, + s 2  
- 
vJ3 = - uxzvx + s3 
$4 = -uxZpx + a ux,~,  2 
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S i n c e  t h e  f l o w  a t  t h i s  boundary is  e s s e n t i a l l y  i n v i s c i d ,  t h e  v i s c o u s  s o u r c e  
terms s i  are t aken  t o  be ze ro .  The c h a r a c t e r i s t i c  curve a s s o c i a t e d   w i t h  
equat ions  (22a)   and  (22b)  is 
- 
* = uyz + vyr d t  
a n d  t h e  c h a r a c t e r i s t i c  c u r v e s  c o r r e s p o n d i n g  to equat ions  (22c)   and  (22d)  are ,  
r e s p e c t i v e l y ,  
- = uy, + vyr - cla dY 
d t  
* =  UY, + vYr + d t  
(25a)  
A t  i n f l o w   p o i n t s ,  v i s  ca l cu la t ed   w i th   equa t ion   (22d) ,   and   t he   boundary  con- 
d i t i o n s  u = 1, p = 1, and p = p, are imposed.   Since  only p is s p e c i f i e d  
a t  o u t f l o w   p o i n t s ,  p ,  u, and v are computed from equat ions   (22a)  , (22b) , 
and (22d) . 
I n f l o w  P r o f i l e s  a n d  I n i t i a l  C o n d i t i o n s  
A s  d i s c u s s e d  p r e v i o u s l y ,  c e r t a i n  f l o w  p r o p e r t i e s  are r e q u i r e d  a t  t h e  i n f l o w  
boundary   o f   the   Navier -S tokes   so lu t ion   domain .   Inv isc id  f l o w  and  boundary-layer 
so lu t ion   techniques   a re   employed  t o  compute t h e  n e c e s s a r y  i n f l o w  p r o f i l e s .  The 
procedures  used  here in  are d e s c r i b e d  f o r  t h e  f l o w  over the axisymmetr ic  body 
i l l u s t r a t e d  i n  f i g u r e  1. I f  t h e  f l o w  i s  supe r son ic  (M, > l ) ,  t h e  i n v i s c i d  
p r e s s u r e  d i s t r i b u t i o n  o n  t h e  s u r f a c e  is c a l c u l a t e d  f r o m  t h e  t i p  o f  t h e  c o n i c a l  
nose to a loca t ion  ups t r eam o f  the  beg inn ing  of t h e  b o a t t a i l  w i t h  a method o f  
c h a r a c t e r i s t i c s  scheme.  Then t h e  t u r b u l e n t  b o u n d a r y - l a y e r  e q u a t i o n s  w i t h  a t w o -  
l aye r  eddy-v i scos i ty  model are so lved  wi th  the  method of  Pr ice  and  Harris 
( r e f .   2 2 ) .   I n   t h e  case o f   subson ic  (M, < 1) f l o w ,   t h e   i n v i s c i d   p r e s s u r e   f i e l d  
i s  d e t e r m i n e d  b y  s o l v i n g  t h e  f u l l  t r a n s o n i c  p o t e n t i a l  f l o w  e q u a t i o n  w i t h  t h e  
re laxa t ion   procedure   o f   South   and   Jameson (ref. 23).   Because of t h e  e l l i p t i c  
c h a r a c t e r  o f  t h e  f l o w  f i e l d ,  t h e  f l o w  o v e r  t h e  e n t i r e  c o n f i g u r a t i o n  m u s t  be con- 
s i d e r e d .  An a f t e r b o d y  w i t h  a boa t ta i l  on which  the  f l o w  does  no t  separate is 
u s e d  i n  t h e  i n v i s c i d  c a l c u l a t i o n .  The r e s u l t i n g  i n v i s c i d  f l o w  f i e l d  i n  t h e  
v i c i n i t y  o f  t h e  i n f l o w  b o u n d a r y  is cons ide red  a reasonable  approximat ion  t o  t h e  
one cor responding  t o  o t h e r  boa t ta i l  geometr ies .  A boundary - l aye r  so lu t ion  is 
obta ined  up  t o  a s p e c i f i e d  p o s i t i o n  upstream o f  t h e  s tar t  of t h e  boa t ta i l .  
These prof i les  are in t e rpo la t ed  on to  the  Nav ie r -S tokes  gr id .  
An i n i t i a l  s o l u t i o n  for  t h e  f i n i t e - d i f f e r e n c e  c a l c u l a t i o n s  is obta ined  by  
e x t e n d i n g  t h e  i n f l o w  p r o f i l e s  o v e r  t h e  e n t i r e  s o l u t i o n  domain.  For  subsonic 
f l o w ,  t h i s  c r u d e  s t a r t i n g  s o l u t i o n  is  used  on ly  if t h e r e  are no p r e v i o u s  r e s u l t s  
for a c o n f i g u r a t i o n  similar t o  t h e  one being computed. 
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Numerical Solu t ion  of  F low Equat ions  
F i n i t e - d i f f e r e n c e  scheme.-  The e x p l i c i t ,  p r e d i c t o r - c o r r e c t o r  f i n i t e -  
d i f f e r e n c e  scheme  of MacCormack ( r e f .  1 2 )  is u s e d  t o  i n t e g r a t e  t h e  g o v e r n i n g  
f l o w  e q u a t i o n s  i n  t i m e  t o  o b t a i n  a s t e a d y - s t a t e  s o l u t i o n .  T h i s  numerical  
a lgo r i thm is second-order   accura te  i n  both  t ime  and  space.  When t h i s  scheme 
i s  a p p l i e d  t o  e q u a t i o n  ( l a ) ,  t h e  two s t eps  have  the  fo l lowing  fo rm:  
P r e d i c t o r  s t e p  
n + l  - 
'i, j i , j   Ax i+l, j i l j  
- un - ( x z )  "(Fn - Fn ) 
C o r r e c t o r  s t e p  
where t h e   s u b s c r i p t s  i and j a r e  node i n d i c e s ,  and t h e   s u p e r s c r i p t   r e f e r s  
t o   t he   t ime   l eve l  (t = n A t ) .  The aF/ax,  %/ax, aF/ay, and aG/ay terms 
are  approximated  by f o r w a r d  d i f f e r e n c e s  i n  t h e  p r e d i c t o r  s t e p  a n d  by backward 
d i f f e r e n c e s  i n  t h e  c o r r e c t o r  s t e p .  The d e r i v a t i v e s  i n  t h e  v i s c o u s  and h e a t  
conduct ion terms are  approximated w i t h  backward  d i f fe rences  i n  t h e  p r e d i c t o r  
s t e p  and   forward   d i f fe rences  i n  t h e  c o r r e c t o r  s t e p .  I n  a l l  computat ions  the 
t r a n s f o r m a t i o n  d e r i v a t i v e s  a r e  r e p l a c e d  w i t h  c e n t r a l  d i f f e r e n c e s .  
Numerical damping.- I n  o r d e r  t o  s u p p r e s s  p o i n t - t o - p o i n t  p o s t s h o c k  o s c i l l a -  
t i o n s  t h a t  may occur  i n  s u p e r s o n i c  c a l c u l a t i o n s ,  a four th-order  numer ica l  damp- 
ing   p rocedure   ( r e f .  7 )  i s  inco rpora t ed .  The p r e d i c t o r - c o r r e c t o r   f o r m   f o r   t h i s  
scheme can be given by: 
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P r e d i c t o r  s t e p  
Corrector s t e p  
The terms i n   e q u a t i o n s  ( 2 8 )  and  (29)  are  appended t o   t h e   r i g h t - h a n d   s i d e   o f  
equat ions  (26)   and ( 2 7 ) ,  r e s p e c t i v e l y .   S i n c e   t h e s e  terms a r e   f o u r t h - o r d e r r  
they  do  not  compromise  the  second-order  accuracy  of  the  solution. The c o e f f i -  
c i e n t s  Cx and Cy a re   u sed  t o  c o n t r o l   t h e  amount  of  damping t h a t  is inc luded  
i n  a c a l c u l a t i o n .  C a r e  m u s t  b e  e x e r c i s e d  t o  k e e p  t h e s e  c o e f f i c i e n t s  s u f f i -  
c i e n t l y  small ( i n  t h e  c u r r e n t  work 0 2 ( C x r   C y )  2 0 .1  ) so t h a t   s h o c k s   p r e s e n t  
i n  t h e  f l o w  f i e l d  a r e  s m e a r e d  o v e r  t h e  minimum number o f  g r i d  p o i n t s  p o s s i b l e .  
Another  form  of  damping is sometimes necessary for  the t ime-dependent  cal-  
c u l a t i o n s .  When t h e  i n i t i a l  s o l u t i o n  r e p r e s e n t s  a cons ide rab le   depa r tu re   f rom 
t h e  s t e a d y - s t a t e  s o l u t i o n ,  l a r g e  d i s t u r b a n c e s  are p r e s e n t  i n  t h e  s o l u t i o n  
domain.  The  damping a s soc ia t ed  wi th  the  phys ica l  v i scos i ty  and  numer i ca l  
t r u n c a t i o n  e r r o r  is n o t  a l w a y s  a d e q u a t e  t o  s u p p r e s s  t h e s e  l a r g e  i n i t i a l  d i s -  
t u rbances .   Because   o f   ups t r eam  f eed ing   t h i s   poss ib i l i t y  is s t r o n g e s t  when t h e  
flow is  subson ic .  To h e l p  remove t h e s e  l a r g e  d i s t u r b a n c e s  t h e  s o l u t i o n  a t  each 
g r i d  p o i n t  f o r  t h e  f i r s t  200 t o  400 complete t i m e  s t e p s  is r e p l a c e d  w i t h  t h e  
average  of t h e  s o l u t i o n s  a t  t h e  f o u r  n e i g h b o r i n g  g r i d  p o i n t s .  The unpubl i shed  
work of M. C .  C l i n e  of Los Alamos S c i e n t i f i c  L a b o r a t o r y  shows t h a t  t h i s  filter- 
ing  p rocess  can  also have a s i g n i f i c a n t  b e n e f i c i a l  effect  on the convergence 
ra te .  
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Numerical s t a b i l i t y . -  The allowable time step for  t h e  MacCormack scheme i n  
the t ime-marching process is  d ic t a t ed  by  the  Couran t -F r i ed r i chs -Lewy  (CFL) con- 
d i t i o n .  T h i s  c r i t e r i o n  c a n  be given  by 
where a i s  t h e   s p e e d  of sound  and c is a specified c o n s t a n t .  
Computa t iona l  e f f i c i ency . -  The o v e r a l l  c o m p u t a t i o n a l  e f f i c i e n c y  is enhanced 
i n  t w o  basic ways. F i r s t ,  t h e  n u m e r i c a l  p r o c e d u r e  i s  programmed  on a v e c t o r  
p rocesso r  (CYBER 2 0 3 ) .   S i n c e   t h e   a l g o r i t h m  i s  e x p l i c i t ,  it is amenable t o  com- 
p l e t e   v e c t o r i z a t i o n   ( r e f .   2 4 ) .   S e c o n d ,  a g r i d   s u b c y c l i n g   p r o c e s s  is employed 
in  the  numer i ca l  i n t eg ra t ion  scheme  to  r e l a x  t h e  e f f e c t  o f  t h e  t i m e - s t e p  
requirement,  which i s  v e r y  r e s t r i c t i v e  b e c a u s e  o f  t h e  f i n e - m e s h  s p a c i n g  n e c e s -  
s a r y  t o  r e s o l v e  t h e  t u r b u l e n t  b o u n d a r y  l a y e r .  T h i s  s u b c y c l i n g  p r o c e s s  is based 
upon the   t ime- s t ep   doub l ing   p rocedure  of Holst ( r e f .  7 ) .  The f i r s t  g r i d  p o i n t s  
i n  t h e  r a d i a l  d i r e c t i o n  a t  which the local a l lowab le  time s tep is g r e a t e r  t h a n  
or equa l  t o  nl A h i n ,  2n 1 Atmin ,  4n 1 Atmin,  8n 1 Atmin,  . . ., are des igna ted  
time inc remen t   po in t s   (T IP) .  The i n t e g e r  n1 2 2,  and Atmin is t h e  time s t e p  
corresponding to t h e  minimum r a d i a l   g r i d   s p a c i n g .  A t  each   TIP   the  A t  is 
increased  by  a f a c t o r  of 2 over t h e  v a l u e  a t  the  p rev ious  TIP .  To i l l u s t r a t e  
t h e  s u b c y c l i n g  s c h e m e  c o n s i d e r  t h e  case w h e r e  t h e  s o l u t i o n  i n  t h e  y - d i r e c t i o n  
a t  a g i v e n   x - l o c a t i o n  is advanced 8 Atmin. Assume t h a t  o n l y  t h r e e  T I P ' S  e x i s t  
(see f i g .  4 ) .  I n  t h e  i n i t i a l  s tep  t h e   f l o w   e q u a t i o n s  are i n t e g r a t e d   f r o m   t h e  
wall   boundary t o  t h e  g r i d  p o i n t  p r e c e d i n g  t h e  f i r s t  T I P .  Then, s t a r t i n g  a t  t h e  
s u r f a c e  a g a i n ,  t h e y  are i n t e g r a t e d  t o  t h e  g r i d  p o i n t  before the  second TIP;  
d u r i n g   t h i s   c a l c u l a t i o n  A t  i s  swi tched  from Atmin t o  2 Atmin a t   t h e  f irst  
TIP. A l l  p o i n t s  below the  second  TIP are  t h e n  a t  t i m e  t = 2 Atmin. On t h e  
t h i r d  i n t e g r a t i o n  p a s s ,  t h e  p o i n t  p r e c e d i n g  t h e  f i r s t  T I P  is t h e  s t o p p i n g  p o i n t .  
On t h e  f o u r t h  p a s s ,  i n t e g r a t i o n  i s  c o n t i n u e d  u n t i l  t h e  p o i n t  b e f o r e  t h e  t h i r d  T I P  
i s  r e a c h e d ,   a n d   t h e   s o l u t i o n  i s  t h e n  a t  t = 4 A & i n  a t  a l l  g r i d  p o i n t s  b e l o w  
t h e   t h i r d   T I P .  The t i m e  s t e p  i s  switched  from A t m i ,  t o  2 Atmi, a t   t h e   f i r s t  
T I P  and  from 2 Atmin t o  4 A & i n  a t  the  second  TIP.  When the   subcyc l ing   p ro -  
cess i s  comple t ed ,  t he  so lu t ion  a t  a l l  mesh p o i n t s  i s  a t  t h e  same time l e v e l ,  
which i s  8 At,,, f o r   t h i s   e x a m p l e .  Holst r e p o r t e d   t h a t   w i t h  nl = 2 an  
e x p l i c i t  c o d e  (MacCormack a lgo r i thm)  wi th  subcyc l ing  was about  2 . 5  t o  4 times 
f a s t e r  t h a n  t h e  same code   wi thout   subcycl ing .  The speedup  depends  upon t h e  
minimum v a l u e  of t h e  r a d i a l  g r i d  s p a c i n g  a n d  t h e  v a l u e  of n l .  
I n  a l l  c a l c u l a t i o n s  o f  t h i s  r e p o r t ,  t h e  n u m e r i c a l  time i n t e g r a t i o n  i s  con- 
t i n u e d  u n t i l  t h e  maximum change i n  s u r f a c e  p r e s s u r e  f o r  o n e  c o m p l e t e  time s t e p  
( s o l u t i o n  a t  a l l  g r i d  p o i n t s  a t  t h e  same t i m e  l e v e l )  i s  less than  0 .2  pe rcen t .  
With t h i s  c r i t e r i o n  t h e  s u p e r s o n i c  s o l u t i o n s  r e q u i r e d  a b o u t  5 c e n t r a l  p r o c e s s i n g  
u n i t  (CPU) minu tes   on   t he  CYBER 203 computer. When t h e  i n f l o w  p r o f i l e s  o f  t h e  
p r i m i t i v e  f l o w  variables (p, u ,  v ,  T )  are ex tended  ove r  the  so lu t ion  domain ,  
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convergence  for  the  subsonic  computations  takes  approximately 2.5 CPU hours. 
This  substantial  increase  in  computing  time is primarily  due  to  the  elliptic 
character of the  inviscid flow  field  as  steady  state  is  approached.  Moreover, 
low-frequency  errors  in  the  solution  damp out very  slowly.  If a converged sub- 
sonic  result  is  used as an  initial  solution  for  another  afterbody  flow (i.e., 
includes a different  boattail),  convergence  can  be  achieved  in  about 1.6 CPU 
hours. 
Turbulence  Modeling 
I In the present application the algebraic eddy-viscosity models of Cebeci ' and  Smith  (ref.  13)  and  Baldwin  and  Lomax  (ref. 14) are  implemented,  and  the ' results  obtained  with  each  model  are  compared. Each  model  includes  two  layers, 
I and  thus  the  turbulence  is  modeled  with  two  length  scales. That is, 
i if y = yc - < -  
where y is the normal  distance  from  the  wall  and  yc is  the smallest  value 
of y at  which  the  inner  and  outer  values  of E are  equal.  For  separated 
flows  these  basic  models  are  modified  with a relaxation  formula to account  for 
upstream  history  effects on the  turbulence. 
- - 
- 
Cebeci-Smith  model.-  The  Cebeci-Smith (C-S) model  represents  the  eddy 
viscosity  in  the  inner  layer  with 
and 
where  Von  Karman's  constant K = 0.4, and the Van  Driest  damping  factor  is  as 
follows : 
D = 1 - exp(-S+/~+) (32~) 




I n  a l l  c a l c u l a t i o n s  t h e  n o r m a l  d i s t a n c e  is r e p l a c e d  w i t h  t h e  r a d i a l  d i s t a n c e .  
The e d d y  v i s c o s i t y  i n  t h e  o u t e r  l a y e r  i s  given by 
where ue is the   boundary- layer   edge   ve loc i ty ,  6 i "  is the   i ncompress ib l e  
d i sp l acemen t  th i ckness  
and  FKleb(T) is the   K lebanof f   i n t e rmi t t ency   func t ion  
The c o n s t a n t  CKleb = 1.0  and y* = 6 .  The d i s t a n c e  yo i s  measured  from  the 
s u r f a c e  t o  t h e  p o l n t  o f  z e r o  v e l o c i t y  so as t o  exc lude  the  sepa ra t ed  f low reg ion .  
I n  t h i s  way  a l a r g e  r e v e r s e  f l o w  r e g i o n  d o e s  n o t  c a u s e  u n r e a l i s t i c  v a l u e s  o f  E,. 
Usua l ly ,   t he   edge   o f   t he   boundary   l aye r   ye  is d e f i n e d  as t h e  p o i n t  a t  which 
t h e  u-component o f  t h e  v e l o c i t y  i s  9 9 . 5  p e r c e n t  o f  t h e  f r e e - s t r e a m  v a l u e .  How- 
e v e r ,   t h i s   e d g e   c r i t e r i o n   c a n   r e s u l t   i n  a v a l u e  of ye t h a t  is f a r  beyond t h e  
edge  of  the  boundary  layer  when t h e  v e l o c i t y  p r o f i l e  i s  d i s t o r t e d  b e c a u s e  of t h e  
presence  of  a s h o c k  i n  t h e  f l o w  f i e l d  o r  a s u f f i c i e n t l y  s t r o n g  v i s c o u s - i n v i s c i d  
i n t e r a c t i o n .  T h i s  c a n  r e s u l t  i n  a d i s p l a c e m e n t  t h i c k n e s s  t h a t  is  as much as 
2 times l a r g e r   t h a n   t h e   a c t u a l   v a l u e   ( r e f .   2 5 ) .   W i t h   t h i s   l a r g e r   v a l u e   o f   t h e  
o u t e r - l a y e r  l e n g t h  scale,  t h e  m i x i n g  i n  t h e  o u t e r  r e g i o n  o f  t h e  t u r b u l e n t  bound- 
a r y  l a y e r  is  l a r g e r .  F o r  t h e  t r a n s o n i c  f l o w s  b e i n g  c o n s i d e r e d  i n  t h i s  work, a 
t o t a l - p r e s s u r e  c r i t e r i o n  i s  u s e d  t o  d e t e r m i n e  t h e  e d g e  o f  t h e  v i s c o u s  l a y e r .  
Moreover ,   the   po in t  a t  wh ich   t he   l oca l  t o t a l  p r e s s u r e  is 0 . 9 9 5 ~ ~  is  d e f i n e d  
a s   ye .   S ince  a p t   p r o f i l e  is less s e n s i t i v e  t o  t h e   p r e s e n c e   o f  a t r a n s o n i c  
shock wave t h a n  t h e  v e l o c i t y  p r o f i l e ,  t h e  t r u e  e d g e  o f  t h e  b o u n d a r y  l a y e r  s h o u l d  





Baldwin-Lomax model.-  The  Baldwin-Lomax (B-L) model r e p r e s e n t s  t h e  i n n e r  
eddy v i s c o s i t y  w i t h  
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where Iw I  is the   magn i tude   o f   t he   vo r t i c i ty   vec to r .   I n   ax i symmet r i c   f l ow 
I 4  = la,- =( aU au 
The  form f o r  t h e  o u t e r  e d d y  v i s c o s i t y  is 
where 
- 
Fwake - ymax max 
- 
F 
The q u a n t i t y  yma, is  t h e   l o c a t i o n  a t  which  the maximum (Fmax) of  F (3) 
occurs ,   and 
- 
I n  e q u a t i o n   ( 3 5 a )   t h e   c o n s t a n t s   a r e  
C = 1 .6  CP 
CKleb = 0 . 3  
and 
-* - 




Relaxa t ion  models . -  Al though the  turbulence  in  a f low does not  respond 
immedia te ly  to  a  sudden  change i n  t h e  mean f l o w  ( i - e . ,  a switch from zero or  
f a v o r a b l e  p r e s s u r e  g r a d i e n t  t o  a d v e r s e  p r e s s u r e  g r a d i e n t ) ,  it d o e s  r e t a i n  memory 
of   the  change.  A r e l a x a t i o n  o r  l a g  model a t t e m p t s  t o  t a k e  i n t o  a c c o u n t  t h e  
memory o f   t he   t u rbu lence .  The r e l a x a t i o n  models t h a t  i n c l u d e  t h e  s i m p l e  a l g e -  
b r a i c   m o d e l s   a r e  of t h e   f o l l o w i n g   t y p e s :   g l o b a l   a n d   l o c a l .   I n  a t y p i c a l   g l o b a l  
model ,  the value of t h e  e d d y  v i s c o s i t y  a t  a p o i n t  on  a s t r e a m l i n e  ( o r  a c o n s t a n t  
body-f i t ted  coord ina te  l ine)  and  downst ream of  some d is turbance  depends  on  the  
eddy v i s c o s i t y  a t  a p o i n t ,  e . g .  zI, upstream  of   the  change i n  the  f low cha rac t e r  
and  located  on  the same s t reaml ine .   This   dependence   decreases  as t h e  d i s t a n c e  
from zI i n c r e a s e s ,   a n d   e v e n t u a l l y   t h e   v i s c o s i t y   t a k e s   o n   a n   e q u i l i b r i u m   v a l u e .  
A l o c a l  l a g  model a l l o w s  t h e  t u r b u l e n t  v i s c o s i t y  a t  a p o i n t  i n  t h e  f l o w  f i e l d  t o  
depend  on ly   on   the   v i scos i ty  a t  t h e   p r e c e d i n g   p o i n t  ( i - e . ,  nz upstream)  on a 
2 1  . 
s t r e a m l i n e .  A number of i n v e s t i g a t i o n s  (refs. 7, 15 ,  25 ,  and 26) have shown 
t h a t  a g l o b a l  r e l a x a t i o n  model y i e l d s  better s u r f a c e - p r e s s u r e  p r e d i c t i o n s  t h a n  
t h e  basic algebraic model when t h e  free-stream f l o w  is supersonic  and  f l o w  
s e p a r a t i o n  o c c u r s .  I n  r e f e r e n c e  27 D e i w e r t  employed a local r e l a x a t i o n  model 
t o  compute separated t r a n s o n i c  f l o w  o v e r  a c i r c u l a r - a r c  a i r f o i l .  The su r face -  
p r e s s u r e  r e s u l t s  o b t a i n e d  w i t h  t h i s  model were i n  be t te r  agreement  wi th  exper i -  
mental  data t h a n  t h o s e  c a l c u l a t e d  w i t h o u t  r e l a x a t i o n .  However, t h e  p r e s s u r e  
v a r i a t i o n  i n  t h e  separated r e g i o n  w a s  n o t  improved. 
I n  t h e  p r e s e n t  work t h e  g l o b a l  r e l a x a t i o n  model suggested by Shang and 
Hankey ( r e f .   1 5 )  i s  used .   Wi th   th i s   model   the   re laxed   eddy  v i scos i ty  i s  
evaluated from 
where EI i s  t h e   v a l u e   o f   t h e   e d d y   v i s c o s i t y  a t  l o c a t i o n  zI ( t h e   a x i a l  
coord ina te  a t  t h e  s tar t  of r e l a x a t i o n ) ,  E is t h e  local eddy   v i scos i ty   ca l cu -  
l a t e d   w i t h   e i t h e r   t h e   C e b e c i - S m i t h  o r  Baldwin-Lomax model, and x is  a r e l a x -  
a t i o n  l e n g t h  p a r a m e t e r  s p e c i f i e d  a t  t h e  b e g i n n i n g  o f  a c a l c u l a t i o n .  I n  t h e  
s e p a r a t e d   s u b s o n i c   f l o w s   c o n s i d e r e d   i n   t h i s   r e p o r t ,  zI is p laced  a t  t h e   p o i n t  
o f  minimum pres su re ,  wh ich  occur s  on  the  shou lde r  o f  a boa t t a i l  and upstream of 
s e p a r a t i o n .  The  minimum-pressure l o c a t i o n  i s  de te rmined   w i th  x = 0 (no 
r e l a x a t i o n ) ,  a n d  r e l a x a t i o n  i s  i n i t i a t e d  i n  t h e  c a l c u l a t i o n  a f t e r  t h i s  d e t e r -  
mina t ion .   Fo r   t he   supe r son ic   a ses  zI is l o c a t e d  a t  about  A,, boundary-layer  
t h i c k n e s s  a t  sepa ra t ion ,  ups t r eam of t h e  s e p a r a t i o n  p o i n t  ( d e t e r m i n e d  w i t h  
x = 0 ) .  T h i s  l o c a t i o n  n e a r l y  c o r r e s p o n d s  t o  t h e  p o i n t  o f  minimum p r e s s u r e .  
RESULTS AND DISCUSSION 
I n  t h i s  s e c t i o n  r e s u l t s  f r o m  t h e  s o l u t i o n s  €or t r a n s o n i c  f l o w  over t h r e e  
a x i s y m m e t r i c  a f t e r b o d i e s ,  e a c h  c o n s i s t i n g  of a c y l i n d e r ,  c i r c u l a r - a r c  b o a t t a i l ,  
a n d  c y l i n d r i c a l  plume s i m u l a t o r ,  are  p r e s e n t e d .  C a l c u l a t i o n s  were pe r fo rmed   fo r  
f ree-s t ream Mach numbers of 0 .8  and  1 .3  fo r  each  conf igu ra t ion ,  and  the  flows 
considered  ranged from f u l l y  a t t a c h e d  t o  h i g h l y  s e p a r a t e d .  The a t t a c h e d  or  
n e a r l y  a t t a c h e d  f l o w  cases are  used t o  e s t a b l i s h  a r t i f i c i a l  b o u n d a r y  l o c a t i o n s  
a n d   f i n i t e - d i f f e r e n c e   g r i d   r e q u i r e m e n t s .   F o r   t h e   s u b s o n i c   p r o b l e m s   t h e  follow- 
i n g  c o n d i t i o n s  w e r e  imposed: 
p t tm = 1.70 
pref = 58.74 kPa 
A 
Tt = 3.15 Tw = 3.11 NRe  - - 2.23 x l o 6  
A 
Tref = 105.2 K 
22 
t 
In the  supersonic  cases  the  prescribed  conditions  were: 
pt,m = 1.17 Tt,, = 1.41 Tw = 1.30 NRe - - 1.03 X lo6 
pref = 87.09 kPa Tref = 240.5 K 
A A 
The  numerical  predictions  obtained  by  solving  the  time-averaged  Navier-Stokes 
equations  are  compared  with  the  experimental  data of Putnam  and  Abeyounis 
(ref. 1) and  Reubush  (ref. 11). The  parameters  describing  the  boattails are 
given in figure 5 .  The ratio of boattail  length  to  boattail-exit  diameter 
varies  from 3.5 to  1.6,  and  the  corresponding  chord  boattail  angles 6, vary 
from  7.9O  to 17O. 
Subsonic  Solutions 
Attached  flow  case.- A solution  was  obtained  for  flow  over  afterbody  con- 
figuration  3  with M, = 0.8. The finite-difference  grid  consisted  of  51  points 
in  the  axial  direction (22 points  in  boattail  region)  and 61 points  in  the  radial 
direction  (about  half  the  points  in  the  viscous  layerk.  The  first  mesh  point 
off  the  afterbody  was  located at a  distance of'.  O.OO1de  from  the  surface,  and 
the 5' value  €or  this  point  was  about  19.  Therefore,  this  point  was in the 
inner part  of  the  buffer  region  (transitional  region  between  laminar  sublayer 
and  inner  turbulent  layer) of the  turbulent  boundary  layer.  The  inflow  bound- 
aryAo€ the  physical  space of concern  (see  fig. 1) was  placed  approximately 
3.4de  ahead of the  beginning of the  boattail. This was  done  to  ensure  that 
the  flow  would  have  sufficient  distance  in  which  to  recover  from  any  mismatch 
between  the  approximate  solution,  which  provided  the  necessary  quantities  for 
the  inflow  boundary  conditions,  and  the  NavierIStokes  solution.  The  outflow 
boundary  was  situated  far  enough  downstream  (5de  from  the  junction of the 
boattail  and  simulator)  for  the  flow  to  become  cylindrical  in  character  and 
have  minimal  influence on the  boattail  region. The upper  boundary  was  located 
at r = 4. 
The variation of the  calculated  surface-pressure  coefficient Cp with  the 
nondimensional  axial  distance z for  the  physical  domain  described in the  pre- 
ceding  paragraph  is  compared  with  experimental  data  in  figure 6. The  prediction 
of the  recompression of the  boattail  flow  is n very  good  agreement  with  the 
measured  data. The  computed Cp values on the  plume  simulator  also  compare 
very well  with  experiment.  However,  the  pressures  in  the  expansion  part of the 
boattail  flow  are  overpredicted. This indicates  that  the  inviscid  pressures 
imposed on the  boundary  layer in the  expansion  region  are  too  high,  and  the 
velocities at the  edge of the  viscous  layer  are  too  low. 
The overprediction of pressures on the  shoulder of the  boattail  requires 
further  attention. In the  calculation  the  upper  boundary was  an inflow  bound- 
ary,  which  means  that  the  u-component of velocity  is  specified  and  takes on the 
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free-stream va lue .  The re fo re ,  i f  t h e  upper boundary w e r e  too close to  t h e  sur-  
face, the  edge  veloci t ies  of the  boundary  layer  would  be f o r c e d  t o  be smaller 
t h a n  t h e y  s h o u l d  be. 
I n  order t o  assess t h e  e f f e c t  of the  uppe r  boundary  loca t ion ,  a c a l c u l a t i o n  
was per formed  wi th   the   upper   boundary  moved t o  r = 12.  The su r face -p res su re  
d i s t r i b u t i o n ,  w h i c h  is shown i n  f i g u r e  6 ,  is i n  e x c e l l e n t  a g r e e m e n t  w i t h  t h e  
expe r imen ta l   da t a .  The  Cebeci-Smith (C-S) a n d   t h e  Baldwin-Lomax (B-L) t u rbu lence  
models ( t o  be r e f e r r e d  t o  as b a s e l i n e  models) g a v e  e s s e n t i a l l y  t h e  same r e s u l t s  
f o r  t h i s  p r o b l e m .  I n  f i g u r e  7 t h e  p r e s s u r e  f i e l d  f o r  t h e  e n t i r e  f l o w  r e g i o n  i s  
r e p r e s e n t e d  i n  t h e  f o r m  o f  c o n s t a n t  c o n t o u r  levels i n  i n t e r v a l s  o f  0 . 0 2 .  
The c a l c u l a t e d  v e l o c i t y  p r o f i l e s  a t  t h r e e  a x i a l  s t a t i o n s  ( s l i g h t l y  beyond 
t h e  s ta r t  of t h e  boa t t a i l ,  j u s t  d o w n s t r e a m  o f  t h e  e n d  o f  t h e  b o a t t a i l ,  a n d  
a lmost  a t  t h e  m i d p o i n t  o f  t h e  plume s i m u l a t o r )  are d i s p l a y e d  i n  f i g u r e  8. These 
p r o f i l e s  a r e  compared  with  those  from a b o u n d a r y - l a y e r  s o l u t i o n  ( r e f .  2 2 )  which 
used  the  sur face  a f te rbody pressures  obta ined  f rom the  Navier -S tokes  so lu t ion .  
In  the  boundary - l aye r  computa t ion  the  minimum g r i d  s p a c i n g  i n  t h e  ? - d i r e c t i o n  
(d i r ec t ion  no rma l  t o  body sur face)  w a s  about 3.03 X 10-6,  which is more than  
two o rde r s  o f  magn i tude  smaller t h a n  t h e  v a l u e  f o r  t h e  N a v i e r - S t o k e s  g r i d .  
There were 200 t o  300 po in t s ,   depend ing  upon 6 ,  i n   t h e   v i s c o u s   l a y e r .   T h e s e  
s o l u t i o n s  are i n  good  agreement .   Thus,   good  boundary-layer   def ini t ion is i n d i -  
c a t e d  f o r  t h e  N a v i e r - S t o k e s  r e s u l t .  
Separa ted  f low cases.- I n  f i g u r e  9 p r e d i c t e d  s u r f a c e  p r e s s u r e s  are com- 
p a r e d  w i t h  t h e  e x p e r i m e n t a l  d a t a  f o r  a f t e r b o d y  c o n f i g u r a t i o n  2 a t  a f r ee - s t r eam 
Mach number of  0 . 8 .  The p r e s s u r e s  c a l c u l a t e d  w i t h  t h e  t w o  b a s e l i n e  t u r b u l e n c e  
mode l s  exh ib i t  on ly  small quan t i t a t ive  d i f f e rences .  Wi th  these -  mode l s  t he  
expans ion   on   the  boa t ta i l  is captured;   however ,   the  Cp va lues   be tween  the  
minimum p r e s s u r e  l o c a t i o n  a n d  s e p a r a t i o n  are too l o w .  There are l a r g e  d i f f e r -  
ences  be tween  p red ic t ions  and  expe r imen t  i n  the  r eve r se  f low reg ion ,  and  the re  
is e a r l y  r e a t t a c h m e n t  o f  t h e  s e p a r a t e d  f l o w .  Downstream o f  t h e  p o s i t i v e  e x p e r i -  
mental  Cp p e a k   v a l u e ,   t h e   p r e d i c t i o n s   a r e   g o o d .   F i n a l l y ,   u s i n g   e i t h e r   o f   t h e  
base l ine  tu rbu lence  mode l s ,  t he  computed  sepa ra t ion  loca t ion  ag rees  ve ry  w e l l  
w i t h  t h e  v a l u e  o b t a i n e d  f r o m  o i l - f l o w  s t u d i e s  ( r e f .  2 8 ) .  
Fo r  t he  imp lemen ta t ion  o f  t he  C-S and B-L tu rbulence  models  wi th  re lax-  
a t i o n ,  h e r e a f t e r  d e s i g n a t e d  as R(C-S)  and R ( B - L ) ,  t h e  p o i n t  a t  wh ich  r e l axa t ion  
i s  i n i t i a t e d   z I   a n d   t h e   r e l a x a t i o n - l e n g t h  scale A must be s p e c i f i e d .  A s  
ment ioned  previous ly ,  the  de layed  response  of  the  turbulence  t o  a r a t h e r  a b r u p t  
a p p l i c a t i o n  of a n  a d v e r s e  p r e s s u r e  g r a d i e n t  is modeled by s t a r t i n g  t h e  r e l a x -  
a t i o n  a t  t h e  p o i n t  o f  minimum p r e s s u r e  ( i - e . ,  j u s t  p r i o r  t o  onse t  of  ap /az  > 0 ) .  
The i n f l u e n c e   o f   t h e   q u a n t i t y  A o n   t h e   s u r f a c e - p r e s s u r e   v a r i a t i o n   f o r   a f t e r -  
body c o n f i g u r a t i o n  2 when t h e  R(C-S)  model is employed is shown i n  f i g u r e  10. 
The l a g   l e n g t h  scale is var ied   f rom  zero  t o  i n f i n i t y .  When A .  i s  z e r o ,   t h e  
R(C-S) model reduces  to  the   equ i l ib r ium  mode l  ( C - S ) ,  and when A is i n f i n i t y ,  
t h e  eddy v i s c o s i t y  a t  zI  and y = Constan t  is main ta ined   in   the   downst ream 
p o r t i o n   o f   t h e   f l o w .  The r e s u l t   f o r  A = 2061, where 61 is the   boundary- layer  
t h i c k n e s s  a t  t h e  b e g i n n i n g  o f  t h e  r e l a x a t i o n ,  a p p e a r s  t o  e x h i b i t  t h e  best  over- 
a l l  agreement  wi th  the  exper imenta l  data. 
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I? 
I n  f i g u r e  11 t h e  p r e s s u r e  d i s t r i b u t i o n s  c a l c u l a t e d  w i t h  t h e  t w o  r e l a x a t i o n  
turbulence  models  are compared.  For  each case x e q u a l s  2061. The r e s u l t s  
o b t a i n e d  w i t h  t h e s e  models are i n  good agreement  wi th  labora tory  da ta  ups t ream 
and  downs t r eam o f  the  sepa ra t ion  r eg ion .  The s o l u t i o n  u s i n g  t h e  R(B-L) model 
a g r e e s  a l i t t l e  be t te r  w i t h  t h e  e x p e r i m e n t  a t  t h e  p r e s s u r e  p l a t e a u  t h a n  t h e  
s o l u t i o n  u s i n g  t h e  R(C-S)  model. However, b o t h  r e s u l t s  s l i g h t l y  u n d e r p r e d i c t  
the p r e s s u r e  p e a k  i n  the v i c i n i t y  o f  r e a t t a c h m e n t .  T h i s  seems t o  s u g g e s t  t h a t  
r ea t t achmen t   occu r s  too s o o n .   N e v e r t h e l e s s ,   t h e s e   s o l u t i o n s   r e p r e s e n t  a sub- 
s t a n t i a l  improvement over those  de te rmined  wi th  the  base l ine  models .  
I n  o r d e r  t o  u n d e r s t a n d  t h e  effects  o f  r e l a x a t i o n ,  t h e  v i s c o s i t y  v a r i a t i o n s  
i n  t h e  rad ia l  d i r e c t i o n  a t  t h r e e  a x i a l  s t a t i o n s  are c o n s i d e r e d  i n  f i g u r e  1 2 .  
T h e s e   d i s t r i b u t i o n s  w e r e  computed  with x = 0 and x = 2061 u s i n g   t h e  R(C-S) 
model.  They  show t h a t  t h e r e  is a d e c r e a s e  i n  e d d y  v i s c o s i t y  i n  t h e  o u t e r  t u r b u -  
l e n t  l a y e r  o f  t h e  v i s c o u s  r e g i o n  when r e l a x a t i o n  i s  used.   This  means t h a t  t h e r e  
is a d e c r e a s e  i n  t u r b u l e n t  m i x i n g  a n d ,  t h e r e f o r e ,  s u g g e s t s  t h a t  less streamwise 
momentum is b e i n g  t r a n s p o r t e d  f r o m  t h e  o u t e r  p a r t  i n t o  t h e  i n n e r  p a r t  o f  t h e  
boundary   l ayer .   Such   behavior   could   account   for   the   increased   longi tudina l  
e x t e n t  of t h e  s e p a r a t i o n  b u b b l e  when a r e l a x a t i o n  model is a p p l i e d .  (See 
f i g s .  9 and 11.) The lower v a l u e s   o f   e d d y   v i s c o s i t y  also i n d i c a t e  smaller t u r -  
b u l e n t  s h e a r i n g  stresses i n  t h e  o u t e r  p o r t i o n  o f  t h e  v i s c o u s  l a y e r .  T h i s  would 
be a c o n t r i b u t i n g  f a c t o r  i n  t h e  r e d u c t i o n  o f  s u r f a c e  p r e s s u r e s  i n  t h e  p r e s s u r e  
p l a t e a u .  
The f i n a l  case i n v e s t i g a t e d  w i t h  M, = 0.8 w a s  f l ow  ove r   a f t e rbody   con- '  
f i g u r a t i o n  1, w h i c h  h a s  t h e  s t e e p e s t  b o a t t a i l  c h o r d  a n g l e  ( a b o u t  17O) cons ide red .  
S u r f a c e  p r e s s u r e s  d e t e r m i n e d  f o r  t h i s  c a s e  are compared with measurements in 
f i g u r e  1 3 .  The q u a l i t a t i v e  a n d  q u a n t i t a t i v e  t r e n d s  e x h i b i t e d  b y  t h e  p r e d i c t i o n s  
wi th  the  base l ine  tu rbu lence  mode l s  are e s s e n t i a l l y  t h e  same as t h o s e  d e s c r i b e d  
f o r   c o n f i g u r a t i o n  2 .  The w a l l - p r e s s u r e   s o l u t i o n   o b t a i n e d   u s i n g   t h e  R ( C - S )  model 
and x = 2061 shows a p r e s s u r e   p l a t e a u   r e g i o n ,   b u t   t h e   p r e s s u r e s  are too h igh .  
This  is p robab ly   because   s epa ra t ion  i s  p r e d i c t e d   t o o  l a t e  (nearly  0.3de  beyond 
the   expe r imen ta l   va lue ) .   S ince   t he   s epa ra t ion   l oca t ion   computed   w i th   t he  C-S 
model is a l m o s t  t h e  same, t h e r e  a p p e a r s  t o  be a d e f i c i e n c y  w i t h  t h e  C-S model 
f o r  t h i s  p a r t i c u l a r  f l o w .  The minimum expe r imen ta l   p re s su re  is s l i g h t l y  o v e r -  
p red ic t ed ,   bu t   t he   r ecompress ion  i s  p r e d i c t e d   v e r y  w e l l .  The agreement is 
f a i r l y  good  downstream of r ea t t achmen t .  The c o m p l e t e  p r e s s u r e  f i e l d  f o r  t h i s  
s o l u t i o n  i s  p r e s e n t e d  i n  f i g u r e  14 .  A l s o ,  i n  f i g u r e  15 t h e  u - v e l o c i t y  p r o f i l e s  
a t  f o u r  a x i a l  s t a t i o n s  are shown. 
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The w a l l  Cp v a l u e s   d e t e r m i n e d   w i t h   t h e  R(B-L) model  and x = 2061 are 
also g i v e n  i n  f i g u r e  13. These   va lues   ag ree   ve ry   poor ly   w i th   t he   l abo ra to ry  
d a t a .   S i n c e   t h e   p r e d i c t i o n   f o r   c o n f i g u r a t i o n  2 is  f a i r l y  good,   the   fo l lowing  
q u e s t i o n  a r i s e s :  Why does t h e  R(B-L)  model  perform so poor ly  €or t h e  c o n f i g u r a -  
t i o n  1 case? To i n v e s t i g a t e  t h i s  q u e s t i o n  some o f  t h e  p r o p e r t i e s  o f  t h e  B-L 
model w e r e  cons ide red .  Fo r  example ,  w i th  the  B-L model t h e  e d d y  v i s c o s i t y  i n  
~ 
t h e  o u t e r  l a y e r  o f  a t u r b u l e n t  b o u n d a r y  l a y e r  is p r o p o r t i o n a l  t o  t h e  p r o d u c t  
FmaxYmax 1 
- - - 
where Ymax i s  t h e  y l o c a t i o n  a t  which   the  maximum of F ( y )   o c c u r s .  ~~~~ 
The f u n c t i o n   F ( y )   d e p e n d s   o n   t h e   m a g n i t u d e   o f   t h e   v o r t i c i t y .   ( S e e   s e c t i o n  





c o n f i g u r a t i o n s  2 and 1 is d i s p l a y e d   i n   f i g u r e   1 6 .  N o t e  t h e   l a r g e   d r o p  i n  ymax 
f o r  c o n f i g u r a t i o n  1 j u s t  downstream  of   the  beginning of t h e  boat ta i l .  T h i s  
drop is caused by an  i n c r e a s e  i n  v o r t i c i t y  level i n  t h e  i n n e r  l a y e r  of t h e  
v i scous   r eg ion .  Moreover, t h e   f u n c t i o n  F ( y )  e x h i b i t s  a double p e a k   r a t h e r  
t h a n  t h e  u s u a l  s i n g l e  p e a k .  A s  a r e s u l t  of t h e  d r o p  i n  ymax, t h e  v a l u e s  o f  
t h e  outer  eddy  v i scos i ty  unde rgo  an  abrupt  and substantial  decrease. From t h e  
p r e v i o u s  d i s c u s s i o n  o n  r e l a x a t i o n ,  o n e  c a n  see t h a t  t h i s  d e c r e a s e  i n  t u r b u l e n t  
mixing i n  c o n j u n c t i o n  w i t h  t h e  s u b s o n i c  c h a r a c t e r  of t h e  f l o w  would t end  t o  
a c c o u n t  f o r  t h e  p r e d i c t i o n  w i t h  t h e  R(B-L)  model.   Furthermore,  i f  a s i n g l e  
r e l a x a t i o n  l e n g t h  is  d e s i r e d  i n  t h e  a p p l i c a t i o n  o f  t h e  R(B-L)  model t o  a g iven  
class o f  s u b s o n i c  f l o w s ,  t h i s  b e h a v i o r  p o i n t s  t o  t h e  n e e d  f o r  e i t h e r  r e d e f i n i n g  





An a d d i t i o n a l  c a l c u l a t i o n  w a s  made w i t h  t h e  R(B-L) model  and with the local 
o u t e r  l e n g t h  scale based  upon t h e  p o s i t i o n  a t  which the second peak value of  
F ( y )  o c c u r s .   I n   t h i s  case t h e   p e a k   o f  F ( 7 )  w a s  d e t e r m i n e d   b y   s t a r t i n g   a t   a n  
approx ima te  loca t ion  fo r  t he  edge  o f  t he  boundary  l aye r  and  sea rch ing  inward  
a long  a l i n e   w h e r e  z = Constan t .  A s  shown i n  f i g u r e  1 7 ,  t h e  r e s u l t i n g  p r e s s u r e  
d i s t r i b u t i o n ,  e x c e p t  for  m i n o r  d i f f e r e n c e s  i n  t h e  s e p a r a t i o n  b u b b l e ,  i s  t h e  same 
as t h a t  o b t a i n e d  w i t h  t h e  R ( C - S )  model. 
Supe r son ic  So lu t ions  
Nea r ly  a t t ached  f low case.- A c a l c u l a t i o n  w a s  done f o r  a f t e r b o d y  c o n f i g u r a -  
t i o n  3 when t h e  f r e e - s t r e a m  Mach number w a s  1 .3 .  A 41 X 51 g r i d  w a s  used,  and 
t h e r e  w e r e  19 p o i n t s  i n  t h e A b o a t t a i l  r e g i o n .  The minimum g r i d  s p a c i n g  i n  t h e  
r a d i a l   d i r e c t i o n  was 0 .OO1de. The inflow  boundary w a s  l o c a t e d   a t  22e b z f o r e  
t h e  s ta r t  o f  t h e  b o a t t a i l ,  a n d  t h e  o u t f l o w  b o u n d a r y  w a s  p l a c e d  a t  about  4de 
beyond the   end  of t h e  boa t t a i l .  I n  t h i s  case, an   ob l ique   shock   impinges   on   the  
v i scous  l aye r  j u s t  ups t r eam o f  the  po in t  where  the  boa t t a i l  j o ins  the  p lume  
s i m u l a t o r .  The upper   boundary  of   the  physical   domain w a s  p l aced  a s u f f i c i e n t  
d i s tance   f rom  the   wal l   boundary  so t h a t  t h e  s h o c k  d i d  n o t  i n t e r s e c t  it. There- 
fo re ,  t he  boundary  cond i t ions  a t  t h i s  b o u n d a r y  c o u l d  b e  a p p l i e d  i n  t h e  same 
manner as i n  t h e  s u b s o n i c  c a s e .  
V a r i a t i o n s  o f  s u r f a c e - p r e s s u r e  c o e f f i c i e n t  f o r  t h e  a f t e r b o d y  f l o w  a r e  
shown i n  f i g u r e  18. The d e c r e a s e  i n  p r e s s u r e  d u r i n g  a c c e l e r a t i o n  o f  t h e  f l o w  
over t h e  b o a t t a i l  i s  i n  good  agreement   with  the  experiment .  The minimum boat-  
t a i l  g r e s s u r e  o c c u r s  much fur ther  downst ream of t h e  s tar t  o f  t h e  b o a t t a i l  
(=2.6de)   than i t  d o e s  i n  t h e  s u b s o n i c  case. T h i s  i s  c e r t a i n l y  a consequence  of 
t h e  l a c k  o f  u p s t r e a m  f e e d i n g  i n  t h e  i n v i s c i d  f l o w  f i e l d .  T h e r e  is an  overpre-  
d i c t i o n   o f   t h e   p r e s s u r e  rise assoc ia ted   wi th   the   shock;   however ,   the  Cp v a r i -  
a t i o n  beyond the   expe r imen ta l   peak   va lue   o f  Cp ag rees   r ea sonab ly  w e l l  w i t h   t h e  
d a t a .  The r e s u l t  o b t a i n e d  w i t h  t h e  B-L turbulence  model  is g e n e r a l l y  i n  a g r e e -  
ment w i t h  t h a t  d e t e r m i n e d  w i t h  t h e  C-S model. I t  does show a small d e c r e a s e  i n  
t h e   p e a k   p o s i t i v e   v a l u e  of Cp. I n   e a c h   s o l u t i o n  a ve ry  small shock-induced 
s e p a r a t i o n  r e g i o n  i s  p r e d i c t e d ,  a n d  t h e  s e p a r a t i o n  a n d  r e a t t a c h m e n t  p o i n t s  are 
i n d i c a t e d  i n  f i g u r e  18. 
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Solu t ions  computed  us ing . the  R(C-S) and R(B-L) models are a l s o  p r e s e n t e d  
i n  f i g u r e  18. I n   b o t h  cases x w a s  a s s igned  a va lue  of 106, ( l e n g t h  scale sug- 
ges t ed  by  p rev ious ly  inves t iga t ed  supe r son ic  f lows  wi th  sepa ra t ion ,  refs. 7 
a n d   1 5 ) ,   a n d   r e l a x a t i o n  w a s  i n i t i a t e d  a t  z 2 4.98. There is less p r e s s u r e  
r ise wi th  these  p red ic t ions  than  wi th  those  ob ta ined  wi th  the  base l ine  mode l s .  
The l o n g i t u d i n a l  e x t e n t  o f  t h e  r e v e r s e  f l o w  r e g i o n  is a b o u t  t h e  same. However, 
t h e  o v e r a l l  s ize  o f  t h i s  r e g i o n  i s  a little l a r g e r .  
S i n c e  t h e  streamwise f l o w - f i e l d  g r a d i e n t s  are  large i n  t h e  v i c i n i t y  o f  t h e  
boa t t a i l  and  p lume-s imula to r  j unc tu re ,  some a d d i t i o n a l  c a l c u l a t i o n s  were per- 
formed for  c o n f i g u r a t i o n  3 w i t h  a r e f i n e d  g r i d  i n  t h e  z - d i r e c t i o n  a t  the junc-  
t u r e .  A 51 X 5 1   g r i d  w a s  used,  and Az a t  t h e   j u n c t u r e  w a s  about  0.016,  which 
is approx ima te ly  0 .125  o f  t he  va lue  in  the  p rev ious  computa t ions .  Fo r  bo th  
b a s e l i n e  t u r b u l e n c e  m o d e l s  t h e  r e f i n e d  g r i d  p r e s s u r e  d i s t r i b u t i o n  w a s  somewhat 
smoother i n  t h e  n e i g h b o r h o o d  o f  t h e  j u n c t u r e .  T h e  r e s u l t s  w i t h  a l l  four   tu rbu-  
l ence  mode l s  exh ib i t ed  abou t  t he  same p r e s s u r e  v a r i a t i o n  i n  t h e  j u n c t i o n a l  
r eg ion  as those  de t e rmined  wi th  the  coarser g r i d .  The s u r f a c e  p r e s s u r e s  w e r e  
s l i gh t ly   h ighe r   downs t r eam  o f  z = 7.4 i n  t h e  r e f i n e d  g r i d  cases. 
I n  f i g u r e  19 t h e  s a l i e n t  f e a t u r e s  o f  t h e  s u p e r s o n i c  f l o w  f i e l d  are d i s -  
p layed  wi th  a p r e s s u r e  c o n t o u r  p l o t .  The a p p r o x i m a t e  p o s i t i o n  o f  t h e  o b l i q u e  
shock is r e a d i l y  d i s c e r n i b l e .  C h a r a c t e r i s t i c s  o f  t h e  f l o w  f i e l d  a r e  a l s o  i l l u s -  
t r a t e d  i n  t h e  computed  u -ve loc i ty  p ro f i l e s  a t  f o u r  a x i a l  s t a t i o n s  i n  f i g u r e  20. 
T h e s e  c h a r a c t e r i s t i c s  i n c l u d e  t h e  i n v i s c i d  a c c e l e r a t i o n ,  w h i c h  r e s u l t s  f r o m  t h e  
e x p a n s i o n  o n  t h e  b o a t t a i l ,  a n d  t h e  v i s c o u s - i n v i s c i d  i n t e r a c t i o n s .  
Separa ted  f low cases . -  The s u r f a c e - p r e s s u r e  d i s t r i b u t i o n s  f o r  a f t e r b o d y  
c o n f i g u r a t i o n s  2 and 1 w i t h  M, = 1 . 3  a r e  shown i n   f i g u r e s  2 1  and 22 .  The 
p r e s s u r e s  c o r r e s p o n d i n g  t o  t h e  i n v i s c i d  e x p a n s i o n  are p red ic t ed  ve ry  w e l l ,  
except   near   the   min imum-pressure   loca t ion ,   for  a l l  four   tu rbulence   models .   For  
b o t h   c o n f i g u r a t i o n s   t h e   c a l c u l a t e d  Cp v a l u e s   u s i n g   t h e   b a s e l i n e   m o d e l s   e x h i b i t  
very poor  agreement  with data  beyond the experimental  negat ive peak value of  Cp 
I n  t h e  a p p l i c a t i o n  o f  t h e  R ( C - S )  and R(B-L)  models ,  the  length  scales f o r  
r e l a x a t i o n  x were t a k e n   t o  b e  561 and  2.561, r e s p e c t i v e l y .  The r e s u l t s  
w i t h  t h e  R(C-S)  model a r e  i n  f a i r l y  good agreement  except  in  the  pressure  p la -  
teau   reg ion .   Al though  there  is  a p l a t e a u  i n  t h e  r e c i r c u l a t i n g  r e g i o n ,  t h e  com- 
puted Cp va lues  are too h igh .   Sepa ra t ion  is probably  downstream  of  where it 
should  be.   With  the R(B-L) m o d e l ,  t h e  i n i t i a l  p a r t  of t h e  p l a t e a u  is n e a r l y  
r e p r o d u c e d ,  b u t  t h e  e x t e n t  o f  t h e  p l a t e a u  i n  t h e  z - d i r e c t i o n  i s  unde rp red ic t ed .  
Moreover,  the start  o f  t h e  p r e s s u r e  rise i n  t h e  s e p a r a t i o n  b u b b l e  o c c u r s  t o o  
ea r ly .  Such  behav io r  is p r i n c i p a l l y  d u e  t o  , t h e  s h a r p  d e c r e a s e  i n  t h e  v i s c o s i t y  
l e v e l s  when t h e  f l o w  c h a n g e s  f r o m  h i g h l y  a c c e l e r a t i n g  t o  h i g h l y  d e c e l e r a t i n g .  
T h i s  o c c u r s  i n  t h e  c a l c u l a t i o n  f o r  c o n f i g u r a t i o n  2 as w e l l  as t h a t  f o r  con- 
f i g u r a t i o n  1 because  o f  t he  h ighe r  s t r eaml ine  cu rva tu re  wi th  the  supe r son ic  
f lows  than  wi th  the  subson ic  f lows .  
The i n f l u e n c e  of h o n  t h e  pressure v a r i a t i o n  is shown f o r   c o n f i g u r a t i o n  1 
i n  f i g u r e  23.  The t r e n d s  d i s p l a y e d  i n  t h e s e  r e s u l t s  c a l c u l a t e d  w i t h  t h e  R(C-S) 
model are t h e  same as t h o s e  a s s o c i a t e d  w i t h  t h e  R(B-L)  model when t h e  r e l a x a t i o n  
parameter  is v a r i e d  b e t w e e n  z e r o  a n d  i n f i n i t y .  
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The pressure  field  for  configuration  2  and  the  Mach  number  variations  for 
configuration 1 are  presented in the  contour  plots in figures 24 and  25. The 
prominent  features of these  flow  fields are depicted. For example,  the  separa- 
tion  and  reattachment  shocks  which  coalesce  to  form a single  shock  are  evident. 
The  combined  effect of this  lambda-type  shock  and  the  viscous-inviscid  inter- 
action on the  u-velocity  profiles  for  the  flow  past  configuration 1 (computed 
with  the  R(C-S)  model) is revealed in figure 26. There is a  large  separation 
region  present  in  this  case. The maximum  reverse-flow  velocity  is  about  29  per- 
cent of the  free-stream  velocity,  and  the  maximum  radial  distance/,from  the  sur- 
face  to  the  outer  boundary of the  separation  bubble is about O.lde. For the 
corre2ponding  subsonic  case  these  same  quantities  are  about 13 percent  and 
0.074de. In the  configuration  2  computation,  the  maximum  reverse  velocity  with 
the R(C-S) model is 0 . 1 9 ~ ~  when M, is 1.3, and 0 . 0 9 ~ ~  when M, is 0.8. 
CONCLUDING REMARKS 
The  mass-averaged  Navier-Stokes  equations  have  been  solved  for  turbulent 
transonic  flows  over  axisymmetric  afterbodies.  Although  only  circular-arc  boat- 
tails  were  considered in this paper,  the  solution  procedure  has  been  formulated 
to treat  arbitrary  geometries.  Boattail-plume  simulator  surface-pressure  dis- 
tributions  have  been  computed  and  compared  with  experimental  data.  Four  alge- 
braic  models  have  been  considered  for  turbulence  closure.  Very  good  agreement 
with  experiment  was  obtained  using  two-layer  eddy-viscosity  models  for  an 
attached  subsonic (M, = 0.8) turbulent  flow.  Although  a  solution  for  the  same 
configuration at M, = 1.3 overpredicts  the  pressures  in  the  vicinity of the 
boattail-plume  simulator  juncture,  the  agreement  with  experiment  is  generally 
fairly  good. 
As  expected,  the  standard  equilibrium  turbulence  models  are  not  adequate  in 
the  calculation of moderately  to  strongly  separated  flows.  They  neither  account 
for  the  influences of pressure  gradient  nor  include  upstream  history  effects. 
For  both  subsonic  and  supersonic  cases,  the  computed  surface  pressures  using 
the R ( C - S )  model  (relaxation  with  Cebeci-Smith  model)  generally  show  good  quan- 
titative  agreement  with  measured  data,  except  in  the  reverse-flow  region.  With 
this  model  the  qualitative  behavior  in  the  separation  bubble  is  captured,  but 
the  pressures  in  the  separation  region  are  overpredicted. 
Some  similar  results  were  obtained  with  the  R(B-L)  model  (relaxation  with 
Baldwin-Lomax  model). The dependency of this  model on local  vorticity  can  have 
adverse  effects on the  flow  solution  when  a  simple  relaxation  formula is used, 
and  the outer  length  scale  in  the  viscous  region is defined  in  its  original 
manner. 
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The  results  of  this  investigation  suggest  that an eddy-viscosity  model in 
conjunction  with  an  appropriate  form of relaxation  may  possibly be adequate  to 
simulate  the  pressure  field of a  separated  boattail  flow.  However,  detailed 
turbulence  measurements of afterbody  flow  fields  are  required  in  order  to  obtain 
a  satisfactory  relaxation  formula  and to provide  calibration  and  verification  of 
the  associated  turbulence  model. 
Langley  Research  Center 
National  Aeronautics  and  Space  Administration 
Hampton,  VA 23665 
December 1, 1980 
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Figure 1.- Navier-Stokes  solution  region  for flow past 
cone-cylinder-afterbody  configuration. 
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Figure 3.- Flow quantities  specified  at  boundaries of physical  domain. 
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Conf igura t ion  R dm C B, ,  deg r 
3 
17.027  2.858 2.000 1.600 1 
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7.891 13.000  2.000 3.536 
~~. 
Figure 5.- Boattail  geometric  parameters. 
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Figure  7.- P re s su re  con tour  p lo t  f o r  c o n f i g u r a t i o n  3 .  M, = 0.8; contour  from 1 .02  
t o  1 .24 ;  con tour  in t e rva l  i s  0 .02 .  
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Figure 8.- A compar ison  of  ve loc i ty  prof i les  for  a f te rbody conf igura t ion  3 .  
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Figure  9.-  Sur face  Cp d i s t r i b u t i o n  for conf igu ra t ion  2 .  M, = 0 . 8 .  
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Figure 10.- Inf luence of r e l axa t ion  on su r face  Cp d i s t r i b u t i o n   f o r  
conf igura t ion  2. M, = 0.8 .  
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Figure  11.- Surface  Cp d i s t r i b u t i o n  for  c o n f i g u r a t i o n  2 using 
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Figure 12.- Comparison of eddy-viscosity profiles for  
configuration 2. M, = 0.8. 
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Figure 13.- Surface Cp distribution €or configuration 1. 
M, = 0 . 8 .  
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Figure 14.- Pressure  contour plot for configuration 1. M, = 0.8; contour 
from 0.90 to 1.20; contour interval is 0.02. 
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Figure 16.- V a r i a t i o n  of ymaX ( y  a t  Fmax) w i t h  2. - 
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Figure 17.- Comparison  of  surface Cp distributions for configuration 1 using 
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Figure 18.- Surface Cp distribution for configuration 3 .  M, = 1.3. 
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Figure  19.- P r e s s u r e  c o n t o u r  p l o t  for c o n f i g u r a t i o n  3 .  M, = 1 . 3 ;  
contour  from 0.32  t o  0 .48 ;  c o n t o u r  i n t e r v a l  i s  0 .02 .  
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Figure 20.- Ve loc i ty  p ro f i l e s  for  a f te rbody conf igura t ion  3 .  M, = 1.3. 
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Figure  21.- Su r face  Cp d i s t r i b u t i o n   f o r   c o n f i g u r a t i o n  2. Ma = 1.3. 
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Figure 22.- Surface Cp distribution for configuration 1. M, = 1.3. 
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Figure  24.-  Pressure  contour  plot  €or  configuration 2. M, = 1.3; contour 
from  0.24  to 0.48;  contour  interval  is 0.02. 
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Figure 25.- Mach  number  contour  plot  for  configuration 1. M, = 1 . 3 ;  contour 
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Figure 26.- Velocity profiles for afterbody configuration 1. M, = 1.3. 
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